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a b s t r a c t
Suppose G is a graph and λ1, λ2, . . . λn are the eigenvalues of G. The Estrada index EE(G)
of G is defined as the sum of the terms eλi , 1 ≤ i ≤ n. In this work some upper and lower
bounds for the Estrada index of (4, 6)-fullerene graphs are presented.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
In this work, the word graph refers to a finite, undirected graph without loops and multiple edges. Since the discovery of
the fullerenes in 1985 by Kroto et al., they have been objects of interest to scientists all over theworld [1,2]. A graph drawing
the plane such that the edges are not crossing is a planar graph. A (4, 6)-fullerene graph is a planar 3-regular graph with
only C4 and C6 faces. From Euler’s theorem, it is straightforward to show that a (4, 6)-fullerene molecule with n atoms, Fn,
has exactly 6 squares and n/2 − 4 hexagons. An ISR (4, 6)-fullerene is one for which no two squares share an edge (ISR:
isolated square rule; see Fig. 1).
Let G be a graph and {v1, . . . , vn} be the set of all vertices of G. The adjacency matrix of G is a 0, 1-matrix A(G) = [aij],
where aij is the number of edges connecting vi and vj. The spectrum of G is the set of eigenvalues of A(G), together with their
multiplicities. A graph of order n has exactly n real eigenvalues λ1 ≤ λ2 ≤ · · · λn. The basic properties of graph eigenvalues
can be found in the famous book of Cvetkovic et al. [3].
The Estrada index EE(G) of the graph G is defined as the sum of the terms eλi , 1 ≤ i ≤ n. This quantity, introduced
by Ernesto Estrada, has noteworthy chemical applications; see [4–12] for details. The energy of a graph is another graph
invariant applicable in chemistry. This notion was introduced by Ivan Gutman as a generalization of the notion of the total
π-electron energy of molecules [13–16]. This concept is defined as the sum of the absolute values of the eigenvalues of the
graph under consideration.
Throughout this work our notation is standard and can be taken from the standard books on graph theory [3]. A walk is
a sequence of graph vertices and graph edges such that the graph vertices and graph edges are adjacent. A closed walk is
a walk in which the first and the last vertices are the same. A closed walk has backtracking if, in the closed walk, an edge
appears twice in immediate succession. We encourage the readers to consult the papers [17–19] and references therein for
mathematical properties of fullerenes as well as the basic computational techniques.
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Fig. 1. An ISR (4, 6)-fullerene with 40 atoms.
2. The main results and discussion
Let Fn be an arbitrary (4, 6)-fullerene graphwith n vertices. In this section, first some formulas for
∑n
i=1 λ
k
i are given. Then
we apply these values to estimate the Estrada index of (4, 6)-fullerene graphs. For the sake of completeness, we mention
here a well-known theorem of algebraic graph theory as follows:
Theorem A. Let G be a graph with m edges and t triangles, A(G) = [aij] and Ak(G) = [bij]. Then the number of walks from u to
v in G with length k is buv . Moreover, Tr(A) = 0, Tr(A2) = 2m and Tr(A3) = 6t.
A well-known theorem in linear algebra states that Tr(Ak) = ∑ni=1 λki = the number of closed walks in G. From
now on Fn denotes an n-vertex (4, 6)-fullerene graph with adjacency matrix An. We also assume that λ1, λ2, . . . , λn are
eigenvalues of An. Since a (4, 6)-fullerene graph does not have triangles, Tr(An) = Tr(A3n) = 0 and Tr(A2n) = 3n. Therefore,∑n
i=1 λi =
∑n
i=1 λ
3
i = 0 and
∑n
i=1 λ
2
i = 3n.
Lemma 1.
∑n
i=1 λ
2k−1
i = 0, k ≥ 1.
Proof. There is no closed walk with length 2k− 1. Thus∑ni=1 λ2k−1i = 0. 
Lemma 2.
∑n
i=1 λ
4
i = 15n+ 48.
Proof. Every closed walk of length 4 in a (4, 6)-fullerene with n atoms constructed from one edge, a path of length 2 or a
square. Therefore we must count the following kinds of sequences:
(a) v1v2v1v2v1,
(b) v1v2v3v2v1,
(c) v2v1v2v3v2,
(d) v1v2v3v4v1.
There are 3n sequences of type (a), 6n sequences of type (b) and 6n sequences of type (c). On the other hand, a (4, 6)-
fullerene has exactly six squares. So, for counting the walks of length 4, it is enough to count sequences of the form
v1v2v3v4v4v1 where these closed walks are 48 in number. Therefore,
∑n
i=1 λ
4
i = 15n+ 48. 
Lemma 3. If Fn is ISR then
∑n
i=1 λ
6
i = 93n+ 720 and
∑n
i=1 λ
8
i = 639n+ 2986.
Proof. We apply an argument similar to that of Lemma 2 to count the number of closed walks of length 6 in Fn. Such walks
are constructed from an edge, a path of length 2, a path of length 3, a star S4, a hexagon, a square or a square with an edge.
If the vi’s are distinct vertices of the (4, 6)-fullerene Fn then we must count the sequences given in Table 1.
In Table 1, we also give the number of walks in each case. From this table, one can see that
∑n
i=1 λ
6
i = 93n + 720. The
second part is deduced by a similar argument. 
We are now ready to state the main result of our work, as follows:
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Table 1
The walks of length 6.
Type Sequence No
A v1v2v1v2v1v2v1 3n
B v1v2v3v2v3v2v1 18n
C v2v1v2v3v2v3v2 18n
D v1v2v3v4v3v2v1 12n
E v2v1v2v3v4v3v2 12n
F v1v2v3v2v4v2v1 12n
G v2v3v2v4v2v1v2 12n
H v1v2v3v4v5v6v1 6n− 48
K The sequences traverse a square and one of its edges repeatedly 432
L The sequences traverse a square with a pendent edge 288
Theorem. There are real numbers c1, c2, . . . , cn,−3 < ci ≤ 3, such that the Estrada index of an n-vertex ISR (4, 6)-fullerene Fn
is computed as follows:
EE(Fn) = 915278! n+
61973
20160
+
n−
i=1
eciλ10i
10! .
Corollary. If Fn is ISR then
91527
8! n+
61973
20160
+ e
−3(639n+ 2986)
8! < EE(Fn) <
91527
8! n+
61973
20160
+ ne
3.310
10! .
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